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ABSTRACT: We examine the uncertainty of perturbative QCD factorization for hadron
structure functions in deep inelastic scattering at a large value of the Bjorken variable x .
We analyze the target mass correction to the structure functions by using the collinear
factorization approach in the momentum space. We express the long distance physics of
structure functions and the leading target mass corrections in terms of parton distribution
functions with the standard operator definition. We compare our result with existing work
on the target mass correction. We also discuss the impact of a final-state jet function on
the extraction of parton distributions at large fractional momentum z.
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1. Introduction

Much of the predictive power of perturbative Quantum Chromo Dynamics (pQCD) is
contained in factorization theorems and in the universality of non-perturbative hadronic
matrix elements [J]. Predictions follow when processes with different hard scatterings but
the same matrix elements are compared. In the case of leading power contributions, the
universal matrix elements are interpreted as parton (quark or gluon) distribution functions
(PDFs). With the PDFs extracted from a global QCD analysis [P]-[], pQCD has been
very successful in interpreting and predicting high-energy scattering processes.

However, significant uncertainties still exist in the PDFs due to the accuracy of ex-
perimental data and to unknown higher order corrections to perturbative calculations.
In particular, the PDFs are least constrained in the region where the parton momentum
fraction x > 0.5 for valence quark distributions and x > 0.3 for gluon and sea quark
distributions [, f]. On the other hand, precise PDFs are needed for many reasons [j].
For example, the discovery potential of the Large Hadron Collider (LHC) on new physics
as excess in particle/jet spectrum at large momentum requires accurate PDF's at large z
and large factorization scale pu. Since PDFs at a large p are obtained by solving DGLAP



evolution equations with input PDFs at a lower factorization scale, and the evolution feeds
the large-x partons at a lower scale to those at a higher scale with smaller momentum
fraction x, the precision of PDFs at large u depends on the accuracy of PDFs at large x
and low factorization scale. Furthermore, reliable information on the ratio of d(x)/u(zx) as
x — 1 could provide very important insights into the non perturbative structure of the nu-
cleon [fl, B, [, [i] and references therein. However, because of the PDF's steeply falling shape
as a function of x as x—1, and because of the convolution of two PDFs, most observables
in hadronic collisions do not provide tight enough constraints to the PDFs at large z. On
the other hand, inclusive lepton-hadron deep inelastic scattering (DIS) at large Bjorken
xp is a more direct and clean probe of large-x parton distributions. Recently, experiments
at the Jefferson Laboratory have produced DIS data at large xp with high precision, but
at relatively low virtuality Q? of the exchanged virtual photon in lepton-hadron colli-
sions [[(J—[[7). Experiments measure DIS cross sections, or, equivalently, the DIS structure
functions, not PDFs. In order to extract PDFs at large « from these and other data at
low @2, it is necessary to have theoretical control over power corrections, such as the dy-
namical power corrections (or high twist effects), o AéCD /@Q? with the non-perturbative
scale Aqcp ~ 1/fm [[[3, [4], the target mass corrections (TMC), o 2%m?%,/Q? with nucleon
mass my [[[5], and possibly, final-state jet mass corrections (JMC), o m? /Q? [[d]. These
corrections become larger and larger as data approach the kinematic limit zg = 1. In this
paper, we examine the uncertainties in extracting PDFs at low Q? and large 2 caused by
the target mass and jet mass corrections.

At the leading power, the perturbative QCD factorization treatment of DIS cross
sections neglects all 1/Q?-type power corrections. However, TMC play a somewhat special
role. Since the mass of the target is a non-perturbative quantity, the partonic dynamics
of short-distance factors in the QCD factorization formalism should not depend on it.
Therefore, for any hadronic cross section that can be factorized in perturbative QCD,
the effect of TMC should be implicitly included in the definition of the non-perturbative
hadron matrix elements, and explicitly accounted for in the kinematic variables of the
observables. In this sense, TMC are mostly of kinematic origin. At large 2 and low Q?,
the xQBm?\, /Q*type TMC can be an important part of the measured cross sections, and
should be identified and removed before we extract the leading power PDFs at large x.

Following the pioneering work by Georgi and Politzer (GP) in as early as 1976 [[[7],
many papers have been written on TMC, in particular, for lepton-hadron DIS. A recent
review by Schienbein et al. provides a nice summary of this effort [[[5]. Most existing
calculations use the technique of operator product expansion (OPE) to resum m?\,/Q2
corrections to the structure function moments. A strong debate has been centered on the
inversion of the moment formula [I§—RJ]. If we keep the target mass in the DIS kinematics,
the Bjorken scaling variable xp for the DIS cross sections or structure functions needs to

be replaced by the Nachtmann variable P3|, £ = 2zp/(1 + \/1 + 4z4m%/Q?) — zp as

m?v /Q* — 0. If the target mass cannot be neglected at low Q?, the Nachtmann variable

€ is less than 1 even at zp = 1. Only if one ignores the xp = 1 kinematic threshold, and
allows & to run up to 1, does the inverse Mellin transformation of the structure function



moments give back the structure functions in xp space [R0, PT|. As a consequence, the
inverted structure functions are finite in the unphysical xp > 1 region. The unphysical
region has been argued to disappear with the inclusion of power-suppressed higher-twist
terms in the computation [I§]. Alternatively, many prescriptions have been suggested to fix
the moments inversion problem, or to phenomenologically eliminate the unphysical region,
see [B0—RJ|. None of these prescriptions is entirely satisfactory or unique.

To completely avoid the ambiguities in connection with the structure functions mo-
ments and their inversion, it is natural to investigate the TMC in the momentum space
without using the OPE and taking the moments. This is most easily done in the context
of the field theoretic pQCD parton model, as pioneered by Ellis, Furmanski, and Petronzio
in ref. [IJ]. Recently, Kretzer and Reno applied and compared both approaches in the
case of neutrino initiated DIS experiments [R4, P§]. In this paper, we revisit the TMC
in DIS in terms of the perturbative QCD collinear factorization approach in momentum
space and express the long distance physics of structure functions and the leading target
mass correction in terms of PDF's that share the same partonic operators with the PDFs
of zero hadron mass. In our approach, the momentum space structure functions have no
unphysical region. Moreover, our approach can be generalized to semi-inclusive DIS and
hadronic collisions, where the OPE is not applicable.

In the collinear factorization approach at the leading power in 1/Q?, the short-distance
factors are perturbatively calculated with massless final-state light partons. As recently
pointed by Collins, Rogers and Stasto in ref. [If], the outgoing parton lines should acquire
jet subgraphs/functions to have correct kinematics. The invariant mass in the jet subgraph
leads to the before mentioned m? /Q*type JMC, which are particularly sensitive to the
large-z g kinematics and the extraction of large-z PDF's. In this paper, we discuss the role
of the jet functions in modifying the DIS kinematics in the collinear factorization approach.
We neglect the soft interactions between the beam jet and the final-state jet functions, and
present a collinear factorization formalism for calculating DIS structure functions with a
non trivial jet function. Based on a toy-model estimate, we argue that the JMC has a
significant effect on the extraction of PDFs when z = 0.6. The connection of the jet
function with lattice QCD computations of the non-perturbative quark propagator is also
discussed.

The rest of our paper is organized as follows. In section [, we drive the TMC in terms
of QCD collinear factorization in momentum space. We explicitly demonstrate that our
result has no unphysical region for the DIS structure functions. We compare our result with
TMC predicted by other approaches. In section f], we discuss the JMC. Finally, we present
our summary and thoughts on future extensions in section [|. In the main text we limit
the discussion to light partons and the transverse and longitudinal structure functions. In
the appendices, we generalize our formulae.



2. Target mass corrections

The DIS cross section is determined by the hadronic tensor

W (pag) = o= [ dte T pla )T ). 2.1)

where p is the nucleon 4-momentum, ¢ is the virtual boson 4-momentum, J* is the elec-
tromagnetic or electroweak current, and [p) is the hadron wave function. In the impulse
approximation the lepton-nucleon interaction proceeds through the scattering of the virtual
boson with a parton (quark or gluon) belonging to the nucleon, and having 4-momentum
k, see figure [[. With these 4-momenta we can build the following useful invariants:
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The first 3 invariants, namely, the Bjorken variable x g, the rest mass mpy of the nucleon
and the vector boson virtuality @2, are experimentally measurable. We call them “external
invariants”. The fourth invariant, xf, is the Bjorken variable for a partonic target and is
not experimentally measurable, so we call it “internal”.

We work in a class of frames, called collinear frames, defined such that p and ¢ do not
have transverse momentum. Then we can decompose p, ¢ and k as follows.
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The light-cone vectors n* and n* satisfy
n=m=0 n-a=1, (2.4)

and define the light-cone plus and minus directions, respectively. The plus- and minus-
components of a 4-vector a are defined by

at=a-n a” =a-m. (2.5)

If we choose @ = (1/v/2,01,1/v/2) and n = (1/v/2,0,,—1/v/2), we obtain a* = (ag +
as)/ V2. The transverse parton momentum kp satisfies kr-n = kp-n = 0. The nucleon plus-
momentum, p*, can be interpreted as a parameter for boosts along the z-axis, connecting
the target rest frame to the hadron infinite-momentum frame. The parton fractional light-
cone momentum with respect to the nucleon is defined as

r=kT/pt, (2.6)
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Figure 1: Collinear factorization of the hadronic tensor in the impulse approximation. The top
blob represents the interaction of a virtual boson with a parton computed in pQCD at any order

n ag.

and is an internal variable. The virtual boson fractional momentum
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(2.7)

is an external variable, and coincides with the Nachtmann variable 3. Note that in the
Bjorken limit (Q%—oo at fixed z5) é—zp and we recover the standard kinematics in the

massless target approximation. In this paper, we will consider light quarks u, d, s only and

2
u,d,s

Collinear factorization for the hadronic tensor can be obtained by expanding the parton

set m = 0. In appendix [B we will extend our results to heavy quarks.

momentum k in figure [l around its positive light-cone component,

kH = xptat . (2.8)
Correspondingly, we can define the collinear invariant

9
T . (2.9)

According to the QCD factorization theorem [}, the nucleon hadronic tensor can then be
factorized as follows:

W (pa) = 3 [ S (Ba) g (o, Qi) + O(2/@2) (2.10)
f

where H}W is the short-distance partonic tensor for scattering on a parton of flavor f,
and @;/y is the leading twist parton distribution function for a parton of flavor f inside
a nucleon N, see figure [ For example, the quark distribution at leading order in «ay is
defined as
dz™ _iapta— = — T

ool Q) = [ e i) Lo w o)) (211)
A proper gauge link between the two fermion field operators is required to have a gauge-
invariant parton distribution, but drops out if one chooses the light-cone gauge n - A = 0,



net baryon number

Figure 2: DIS in the impulse approximation, for the special case of an internal on-shell light
parton, k? = 0, relevant to collinear factorization. The current jet has momentum p; and the target
jet has momentum py. The net baryon number is only shown to flow in the target jet (lower part
of the graph).

where A is the gluon field. Higher orders in the Taylor expansion are suppressed by powers
of A2/Q?, with A a hadronic scale, and contribute to restore gauge invariance in higher twist
terms [[[4]. We will discuss in detail how to obtain such a factorized form in section B In
eq. (B-10), the partonic tensor H* can be computed perturbatively to any order in ay, and
can depend on the nucleon mass only kinematically through the invariant zy. Dynamical
target mass corrections can enter only through the proton wave function |p), whence the
explicit dependence of ¢ on m3; in eqs. (R-10)-(R-11). From now on we will suppress such
dependence for ease of notation. For higher twist terms, the situation is more complicated,
because the equations of motion may induce dynamical correlations between lower- and
higher-twist terms [[3], but we will not discuss this issue here.

Structure functions are obtained by suitable projections of the tensors in eq. (R.10),
see appendix B. In this paper, we choose the helicity basis to perform the projection of
the WH” and H*" tensors. The transverse and longitudinal structure functions read

Frp(zp, Q% my) Z/_hﬂTL Zr,QNpy(2,Q°) . (2.12)

The advantage of the helicity basis is that in the right hand side there are no kinematic
prefactors, which would appear when considering the F1 o structure functions, as discussed
in ref. [24] and reviewed in appendix [B

Applying the factorized eq. (R.10) without paying attention to the kinematic limits on
x, which have been understood in eq. (R.10), and using eq. (R.9), one would obtain what
we call the “naive” TMC in collinear factorization:

FE (o, Q% md) = i) (€,Q7), (2.13)

0)

where F} 1, are the structure functions as they would be defined and computed in the mass-
less nucleon limit by setting m?v = 0 from the beginning. Indeed, the partonic structure
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Figure 3: Comparison of prescriptions for NLO target mass corrections to the Fy structure func-
tion. The ratio Fa/ FQ(O) is plotted as a function of zp and Q2. The structure functions have been
computed using MRST2002 parton distributions [f].

functions hjyr ; are independent of the hadron target, and are defined in the same way

for the massive and massless nucleon cases. As a consequence of the fact that F}Oj);(y, Q?)
has support over 0 < y < 1, the target mass corrected F}“’L can be different from zero in
the kinematically forbidden region 1 < zp < 1/(1 — m%/Q?). The appearance of such an
unphysical region is also a feature of the OPE approach [[I7, L], as discussed in the intro-
duction. eq. (B.13) has been introduced in ref. [2f] and compared to the OPE approach in
refs. R4, RF].

In fact, a closer examination of the handbag diagram kinematics reveals that there is no
unphysical region. Let us consider the handbag diagram in the right hand side of figure [ll,
and limit the discussion to on-shell light quarks or gluons, k2 = 0, in both the initial and
final states. The general case of off-shell partons, including heavy quark production is
discussed in appendix [A] Because of baryon number conservation, the net baryon number
must flow either into the target jet or into the current jet. We shall separately examine
these two cases. If the net baryon number flows into the target jet (bottom part of figure f),
the jet invariant masses satisfy m? = p? > m? and p%, > m?v Let us consider the invariant
momentum square of the process, s = (p + q)? = (p;j + py)?. Since the 2 jets are made of
on-shell particles, p; - py > 0. Hence, s > m? + m?\,. In summary, the current jet mass
must satisfy

0<mj<s—mj . (2.14)

Since s — m%, = (1/zp — 1)Q?, eq. (£.14) guarantees that the handbag diagram is non-
zero only when zp < 1, as it must be on general grounds because of baryon number
conservation, irrespective of the model used to compute the process. On the other hand, if
the net baryon number flows into the current jet (top part of figure f). The invariant jet
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Figure 4: Comparison of prescriptions for NLO target mass corrections to the ratio of the lon-
gitudinal and transverse cross sections, R = o /opr = Fr/Fi. The ratio R/R(O) is plotted as a
function of zp and Q2. The structure functions have been computed using MRST2002 parton
distributions [f].

masses satisfy m? > m?v and p% > 0, so that
my <m?<s, (2.15)

which again guarantees that the handbag diagram respects the xp < 1 limit. Within the
collinear factorization approach, the momentum of the active quark entering the short-
distance hard part that generates the current jet is approximated to be on mass shell,
P2=0< m?\,. That is, the baryon number is very likely to flow into the target jet for the
factorized contribution to the DIS cross section, and eq. (R.14) gives the relevant limits on

m? Using m? =(k+q)*=(1/7; —1)Q? and T; = £/z in eq. (P:14), we obtain
B § 5f S 1, (2.16)

which implies the following limits on the dz integration in eq. (R.12):

<z < £ (2.17)

rp
egs. (BI16)-(B17) explicitly guarantee Fr, = 0 if 2 > 1, so that there is no unphysical
region for target mass corrected structure functions:

)2 2 2\ S/ws d_xh ~ 2 2 21
T,L(vaQ , T )_ ¢ x f|T,L($f7Q )(;Df($7Q ) . ( . 8)

Eq. (R.1§) is our formula for calculating DIS structure functions with the TMC. As ex-
pected, it has the hadron mass dependence explicitly in the integration limits caused by the



DIS kinematics and implicitly from the hadron states in the definition of the PDFs. The
naive structure functions (R.13) are obtained when considering = < 1 as upper integration
limit in eq. (R.1§). This limit is a general and process-independent consequence of the
definition of a parton distribution in the field theoretic parton model [R7], but in DIS it is
weaker than = < £/, which is induced by 4-momentum and baryon number conservation.
In the massless target limit, m3/Q?—0, the constraint (B-I7) reduces to g <z <1, and
we recover the massless structure functions as we should expect:

Fr,p(zp, Q% mY) ey ) (x8.Q%) . (2.19)
mN —

In figure ], we plot the ratio of the TMC corrected F; to the massless FQ(O), with TMC
computed using the analog of eq. (.1§), see appendix B.3, the naive prescription (2.19),
and the Georgi-Politzer prescription. The corrections are in general quite large at Q? = 2,
but still non negligible at the generally considered “safe” scale Q? = 25GeV2. From the
right panel of the figure, one can estimate how large Q2 should be to safely neglect TMC.
At x5 < 0.5 the TMC are smaller than 5% if @2 > 10 GeV2. However, at larger xg, one
may need to go to @2 > 100 GeV? for TMC to become small. Note also the difference
between Fy and FIV, which is smaller than 30-40% at Q? = 2: it gives the size of the
contribution of the unphysical region {/zp < = < 1, which has to be subtracted from the
naive structure function.

The difference between TMC of F» (and similarly of Fy ) in collinear factorization and
in the Georgi-Politzer formalism is smaller than 15-20% at the lowest scale, and rapidly
disappears at larger scales. So one is tempted to brush aside the question of what formalism
is correct, if willing to accept this level of uncertainty. However, the situation completely
changes when considering F7,, or the ratio R of the longitudinal to transverse cross section,

(0)
oy, FL (0) FL
= === = = 2.2
R or Fl ) R F(O) ) ( 0)

1

whose TMC /massless ratios are plotted in figure fl. (Note a factor of 2z with respect
to other common conventions, see appendix [B.3.) The TMC of R are much larger than
for F». Most importantly, the difference between the collinear factorization and Georgi-
Politzer TMC is huge, up to a factor 10 (5) at Q?=2 (25) GeV?! Therefore, one has to
decide which formalism to use. This is especially important for a fit of the gluon PDF, to
which F7, is sensitive.

It is also important to note that our formula for TMC in eq. (B.1§) explicitly eliminates
the kinematically forbidden region 1 < zp < 1/(1 — m%;/Q?) because of the integration
limits on the parton momentum fraction x. As g — 1, structure functions calculated by
using eq. (R.1§) approach to zero, the kinematic limit, smoothly, except for the lowest order
contribution, whose partonic structure functions are derived from the tree level handbag
diagram in figure f|. Indeed, by explicit computation at tree level in the approximation of
massless quarks, we obtain

har(Er, Q) = 5 & 8(F; 1) = 5 G adle — ), (221)



Figure 5: DIS handbag diagram at leading order in .

where e/ is the electric charge of the parton f. Substituting the tree-level partonic structure
function into eq. (B.1§), the lowest order contribution to the transverse structure function,

(0) 2
EW e, <1
FT<mB,@2,m%v>={ N (222)

remains positively finite when zp — 1 and does not vanish as zp—1, as shown by the
dashed line in figure [,

This problem exists only at the lowest order and arises because of the §-function
behavior of the partonic structure function (R.21)) and the assumption that the final-state
is made of a massless quark, mff = 0, as shown in figure f]. The d-function bypasses the
kinematic constraint from the integration limits in eq. (R.1§) and forces z = {(xp), which
exhibits the mismatch between the phase space for = at the parton level and that for {(z5)
at the hadron level. Under the collinear approximation the momentum fraction z for a
massless parton can be as large as 1, while the plus momentum fraction of the virtual
photon &(xp) smaller than 1 for a finite target mass my. As a result, the perturbatively
calculated structure functions do not vanish at xg = 1 because the PDFs are finite at
r=¢@xp=1)=2/(1+/1+4m3/Q?) < 1. As we will discuss in the next section, this
explicit phase space mismatch at the lowest order could be improved if the single massless
quark final-state in figure f], which is not physical, is replaced by a jet function as shown
in figure [i.

We conclude this section by stating that if one is performing global QCD fits of the
PDFs in the context of pQCD collinear factorization, our formalism in eq. (R.1§) might
be the most consistent way to treat TMC, because it expresses the long distance physics
of structure functions and the leading target mass correction in terms of PDF's that share
the same partonic operators with the PDFs of zero hadron mass. Moreover the structure
functions calculated using our formulae do not have the xp > 1 unphysical region and
vanish at the zp = 1 kinematic limit except for the lowest order contribution that will be
discussed further in next section. The same collinear factorization formalism can be easily
and consistently extended to semi-inclusive DIS measurements and hadronic collisions, for
which the OPE formalism is not applicable, but which are included in global QCD fits of

— 10 —
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Figure 6: Transverse structure function plotted as a function of g, with and without target and
jet mass corrections, computed with only light quarks at lowest order in ay using MRST2001LO
parton distributions } The dotted line is the massless structure function. The dashed line
includes only TMC, and corresponds to Z = 1 in eq. (B.42). The solid line corresponds to JMC
coming only from the continuum part p of the jet spectral function, Z = 0 in eq. (B.42). JMC

are computed using a log-normal spectral function with (mf) = 0.3GeV? and standard deviation

0’m§ = <m§>

parton distributions. Careful analysis of kinematics and conservation laws will guarantee
that no unphysical region appears in these observables, as well. The obtained formulae will
not merely be an approximation to the TMC for those processes, as argued in [25, 4], but
will give the correct answer in the context of pQCD collinear factorization.

3. Jet mass corrections

In this section we discuss the possibility to include a jet function into the lowest order
contribution to have a more realistic kinematic constraint on the “single quark” final-
state [E] Hopefully, we can reduce the unphysical positive value of structure functions
at xp = 1. As discussed in the last section, this is caused by the d-function behavior of
the partonic structure functions, the assumption that the final-state is made of a massless
quark, m?c = 0, and the mismatch between the phase space for {(zp) and x.

The assumption that the leading order final-state is made of a massless quark, m} =0,
is clearly unphysical because the quark has to hadronize due to color confinement, so that
2

the current jet will have an invariant mass m? Then, we may heuristically set mfe = m;

— 11 —



Figure 7: DIS handbag diagram at leading order in «; generalized to include a jet function J )
beside the target function T'(k).

for the cut quark line, and substitute §(zy — 1) with é(zy — 1/(1 + m?/Qz)) in eq. (-21):

2
th(Ef,QZ)—ée?cx5<x—§<l+%)) ) (3.1)

Furthermore, we may assume that the current jet has an invariant mass probability distri-
bution Jm(mg) normalized to 1, and accordingly smear the structure functions in (R.1§):

oo &/xp dr _
P, @1 md) = [ aminn) [ (@0
1715 Q2 0
B
_ /0 dm2Jn(m2)FO (601 +m2/Q?), Q?) .

(3.2)

It Jp, (m?) is a sufficiently smooth function of m?, we obtain

FMC (25, Q% m%) p— 0. (3.3)

The jet mass corrections (JMC) so introduced are of order O(m? /Q?). It is easy to see

that in the limit Q2 > <m§>, the massless F:(FO) decouples from the integration over the jet
mass, and we recover the structure function with TMC:

Fj]“MC(vaQ27m?V) - FT(vaszm%V) . (34)
Q*>(m3)

In the following, we will discuss how to put this Ansatz on a more firm theoretical
basis.
3.1 Collinear factorization with a jet function

We aim at including in the DIS handbag at leading order in «; a suitable jet function
to take into account the invariant mass of the jet produced by the hadronization of the
struck quark, see figure []. Note that in computing the DIS cross section with the handbag
diagram of figure [, we are making several assumptions. First, we are assuming that it

— 12 —



makes sense to separate the final state into a current jet and a target jet, respectively the
top and the bottom blob. Because of color confinement, this separation can only make
sense as an approximation, and is justified for inclusive and semi-inclusive cross sections if
the rapidity separation between the 2 jets is large enough. This is in general the case at
asymptotically large Q2. However, at finite Q2, the rapidity difference between the 2 jets
tends to 0 as zg—1, and the struck quark may participate in the hadronization process
together with the unstruck target partons. Thus, we need to take care in estimating the
range in xzp in which the handbag diagram is a meaningful approximation to the DIS
process. The second assumption we make, intimately related with the first one, is that
color neutralization of the current jet happens via the exchange of soft momenta, which
we can neglect when discussing 4-momentum conservation.

In order to obtain a collinear factorization formula, we will closely follow the procedure
of Ellis, Furmanski and Petronzio [[J]. The hadronic tensor is

e2 4
W .0) = o [ G T W IO Kkpa) (35

where we considered only 1 flavor for simplicity. The sum over quark flavors will be restored
at the end of the computation. We use a hat to denote a matrix in Dirac space. The trace
over color indexes can be easily factorized and included in the target function [1J]. The
remaining trace is over Dirac indexes. The target function 7" is defined as

= W (p k- sz> (plk,Y)]
Y €Y (3.6)
= [t g o)),
where (k, Y| = (k|(Y], (Y] are all possible final states originating from the target fragmen-

tation, and (k| is a parton state of momentum k. Analogously, the jet function J is the
non-perturbative quark propagator:

_ 4
5= X0 (1= Tn)laf
Y €Y (37)
= [tz o o)),
and (I| is a quark state of momentum [. The jet momentum is constrained by momentum
conservation to [ = k+¢, but it is useful to keep it explicit in our formulae. The function K is

included to impose the kinematic constraints, the non-trivial one being x}nin < zy < rymin,
see appendix [Al:

K(k,p,q) = 0(k™ +¢")0(k™ +q7)0(p™ —kT)0(p™ — k™ )0(xy —xp)0(1 —xy), (3.8)

where, for light quarks,

$m1n ':L'B
= 1— kaz/Q2
; (3.9)

max __

xf T1ok2Q2
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To obtain the leading power contribution, we expand T(kz) in terms of Dirac matrices and
neglect terms that depend on the vector defining the direction of the gauge link in the
PDFs, which are suppressed by powers of 1/Q? [4],

T(k) = 11 (k)L + o (k) + 73(k)ys + Ta(k)Ks , (3.10)
and, analogously, we expand J as :

J(1) = 1L+ j2 () + js(D)vs + a5 - (3.11)

For massless quarks, 71 = 0. The terms 734, which are proportional to ~5 cancel when
computing unpolarized cross sections. In pure QCD, j34 = 0 because of parity invariance,
and j; only enters in traces with an odd number of v matrices, hence does not contribute.
We are left with the terms proportional to 7 and j». The dominance of the k™ and [~
components of k and [ in the Breit frame suggests to define

1 . 1 P
(k) = =T [fT (k)] = = [ d'ze= ()7 $(0)lp) (3.12)
1 ) 1 o
o) = B[R] = o= [ = 00 v0)0) (313)
After these manipulations, the hadronic tensor reads
dk+dk~d2ky €7
W) = [ SES T I ) b Kpg), (314

where

nt + k! (3.15)

2xp™
k% + k2 Q?
_ +— T p
M= (x—-¢&p n“+< S —|—2§p+>n“+k‘T . (3.16)
For later use, let us also define

1 e
—H" (k1) = =T i el 1
—HE (k1) = T[] (3.17)

Our goal is to obtain a factorized expression for the hadronic tensor in terms of collinear
parton distribution functions, see for example eq. (B.11]). For this purpose we need to let
[ dk~d*ky act only on T9(k), which defines the collinear PDF modulo factors of 2. In doing
this we will be forced to make approximations on the momenta entering and exiting the
hard scattering vertex, viz., k and [. In principle, one would like to avoid it and allow
approximations in the computation of the hard scattering tensor only [If]. In this way, one
can ensure that the final state obeys 4-momentum conservation, and avoid potentially large
errors in region of phase-space close to the kinematic boundaries. While in most cases this
is not a problem for inclusive cross sections, it might become very important for exclusive
observables. In our case, we want to compute the inclusive DIS cross section at large xtp—1
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in collinear factorization: in order to extend the validity of our computation as close as
possible to this kinematic boundary, we need to pay attention to the approximations we
will make, keep them at a minimum, and estimate the range of validity in 2z and Q? of
the approximations we will have to make.

The first step in the collinear factorization of the hadronic tensor (B.14), is to expand
H! around the momentum of a collinear and massless quark:

OHL"

W — M (k]
1) = H (D) + o

(kK — k%) + ... (3.18)

where
kM = zptt

=k +g" (319

The higher order terms in the expansion are suppressed as powers of A?/Q?, where A? is
a hadronic scale, and contribute to restore gauge invariance in higher-twist diagrams [[[4].
In this paper, we will retain only the leading twist term of the expansion. Note that we
did not yet make any kinematic approximation: in principle, one may sum over as many
higher-twist terms as desired.

The second step involves using the spectral representation of J B to explicitly intro-
duce the invariant jet mass in the formalism:

() = / dm? [y (m2)1 + Jp(m2)J]2m6(1% — m2)8(1°) (3.20)
0
where the spectral functions J,(m?) are positive definite and normalized to 1:
/dm§ Ji(m3) =1. (3.21)

0

In particular, by substituting eq. (B.2() into (B.13)), we obtain
in(l) = / dm? Jo(m?2) 2m5(1% — m?2) 6(1°) (3.22)
0

so that we can interpret m; as the jet invariant mass, and Jo (m?) as its probability distri-
bution.

In the light-cone gauge n - A = 0, the jet spectral function is related to the non
perturbative quark propagator:

o0
/Odm? Jg(m?) 216 (1% — m?) 0(1%) = 4%_ /d4zeiz'lTr [v~(0[¥(2)1(0)[0)] . (3.23)
Computations of the non-perturbative quark propagator have been performed in lattice
QCD [R9 and using Schwinger-Dyson equations, see [Bd] for a review. However, there are
several difficulties in extracting information relevant to the jet spectral function from these
computations: (i) the quark-antiquark correlator appearing in (B.23) is typically computed
in the Landau gauge instead of the light-cone gauge, (ii) computations are performed
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in Euclidean space instead of Minkowski space, (iii) one needs to extract the spectral
representation from the computed correlator. The biggest problem is that the analytic
structure of the quark propagator is not sufficiently well known to either perform the
analytic continuation back to Minkowski space or to extract its spectral representation [B(,
Bl]. As a way to avoid this problem, it would be interesting to see if it is possible to
rotate the whole handbag diagram, including its external momenta, to Euclidean space
as done in [B7] for the computation of the hadronic contribution to the muon anomalous
magnetic moment. In this way one would be able to directly use the lattice propagator in
the computation of the forward Compton amplitude. Alternatively, one may try to use the
light-cone QCD formulation on the lattice discussed in [B3], which exploits the Hamiltonian
formulation of QCD in order to remain in Minkowski space. A more phenomenological
approach to the spectral function will be discussed in the next subsection.

The third step involves our first kinematic approximation. In order to factorize j, from
the dk~d%kr integrations, we need to approximate l—>l~, so that

ia(l) — jo(@) = /0 dm? Jo(m?) 216 — m2) 6(1°) . (3.24)

Then, the hadronic tensor reads

> ~ - 72
W (p,q) = / dm3 Jo(m?) / it H (k, 1) 6(% — m?) / dk”d"kr
0

g 2K Kk, p.0)
(3.25)

where 0(1°) = 0(k° + ¢") is already included in the kinematic constraint function K(k,p, q).
We can expect the approximation (B.24) to be reasonable in a region where jj)(l) does not
vary strongly with [. In terms of the spectral representation, this requirement is satisfied
if the integral in eq. (B.2§) is dominated by values of m? close to where the jet spectral
function has a maximum. We will discuss below the conditions on zp and Q2 for which this
condition is satisfied. Note that this kinematic approximation only acts on the §-function
in eq. (B.29) so that Jo (m?) has been left unapproximated: in this sense the approximation
is the mildest possible compatible with collinear factorization.

The fourth step involves decoupling K and 72 in eq. (B.2§). It can be achieved by
replacing

K(k,q,p) —K(k,q,p) = 6(F; — 2p)6(1 - Fy) . (3.26)

Note that 8(k° +¢°) = 0(p™ — k*) = (p~ — k™) = 1 because of the constraints on ;. In
terms of x,

§<z<{/rp . (3.27)

This is a delicate step because it involves approximating the kinematic constraints, such
that the integration over kr and k£~ are unbounded. This clearly is not a good approx-
imation as xp—1 [[[f], in which case the struck parton carries most of the nucleon plus-
momentum, so that the minus and transverse components cannot be large. To appreciate
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this, consider

s=(p+q° =@y +1)>, (3.28)

where py is the total four momentum of the target jet, and we define mg/ = p% > 0, see
figure f. Using the full kinematics of eq. (B.3), we obtain

1-¢

5= ch +(1—&mi . (3.29)
On the other hand, in the center-of-mass frame, py = —{ and Dy, T = —qu = —ET, so that
s = (py +1°)? (3.30)

2
= <\/m§/ + k5 + (py)? + \/m§ + k2 + (13)2> > 4k
Combining these 2 results, we obtain

1-¢ m>
k< —=Q*(1+¢L ). 31
b @ (146 ) (3.31)
As xp—1, £—&p, < 1so that the (1 — &) factor tends to close the available kr phase space.
In section B3, we will discuss in which region of 25 and Q% we may in fact neglect this
bound. Using the definition (B.12) of 72, the hadronic tensor reads

/25 (g

W) = [ dmd ) [T H R DR B @) 35

where the quark PDF ¢, is defined as in eq. (R.I1)).
As a last step, we define an on-shell and massless jet momentum for the partonic

tensor,
=T nt = Q? j
=0"n'= 2§p+n (3.33)
and replace
~ ~ ~ ~ 62 ~ o~
HEY (k1) — HE¥ (k1) = L Te [ 7] (3.34)

This is needed: (i) to ensure that g, HL” = 0, hence the gauge invariance of the hadronic
tensor, and (ii) to allow use of the Ward identities in proofs of factorization [[[6]. This
approximation, made on the hard scattering coefficient, is less critical then the kinematic
approximations previously discussed because it does not change in itself the kinematics of
the process. It is analogous to the approximation taken in considering the usual handbag
diagram of figure ] with a massless quark line joining the 2 virtual photon, except that it
approximates only the computation of the Dirac traces.
Finally, we define the LO hard scattering tensor
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which for m? = 0 coincides with the LO hard scattering tensor computed for a diagram
without jet function, as in eq. (R.10). The hadronic tensor can then be written in factorized
form as

§/TB o ,
WH (p,q /dm Jo(m / H“ (k, q,m?) gz, Q%)

which is the central result of this section. The transverse structure function reads
¢/rp d:n
Fr(ep, Q% m%) / dm? Jy(m Z / O ey, QL 2oy (@, @), (3.37)

with ¢4 defined in eq. (.I])). The longitudinal structure function Fy, = 0 because hy, = 0.
An explicit computation gives hr (7, Q%) = efxd(a: - &1+ m?/Q2)) so that at LO

l—zp ~2
e
Fr(wp, Q% m) = / " dm2 g (m?) YY) (£<1+@> Q2> (3.38)
0
Note that when Q% > (mj2>, where (m§> =/ dm? m?Jg(m?), the massless F}O) decouples
from the integration over the jet mass, and we recover the TMC to the LO structure
functions.

3.2 The jet spectral function

Let us discuss more in detail the properties of the nonperturbative quark spectral function
Ja, defined in eq. (B.29). Let us start from the definition of the jo component of the jet
function,

ja(l) = le—_Tr[ ()]
3.39
=> W (l = Zm) (0144 (0)[Y )7~ (Y]14(0)[0) , .
Y ey

with f the quark flavor. For simplicity, we consider only light quark flavors with m; < m.
The color ¢ of the quark operator ) is not neutralized, so that it must appear in the
final state |Y'). In the physical process, we are assuming that the struck quark’s color
is neutralized by a soft gluon exchange with the target’s remnant. We also assume that
we can neglect the soft exchange for the purpose of evaluating the change of kinematics
induced by the inclusion of a quark jet function on the lowest order contribution to the
inclusive DIS. This assumption is likely valid if the jet and target rapidities are sufficiently
separated. However, this might not be the case close to the kinematic limit xp = 1, and
the approximation will break down as we shall soon see. Because of color confinement, we
may assume that no more than 1 particle in the final state is colored, all the other ones
binding into colorless hadrons. The colored particle must be a quark, to match the quark
operator’s color, and we denote it by \q;,>. Hence, the final state is made of 1 quark plus
an arbitrary number of hadrons, the lightest of which is a pion:

Y) =g )|ha) - -+ [hn) (3.40)
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with N > 0 and f' = f when N = 0. The spectral function Jo, defined in eq. (B.29), can
be written as

Jo(m3) = Z5(m3 —m2) + (1 — Z)p(m3) (3.41)

where the d-function is due to the contribution of the single particle |q]cc,>, and 0 < Z <
1 [§]. The continuous and positive definite function p is the contribution of multiparticle
states with N > 0 in eq. (B-4() and is normalized to 1 because of eq. (B:21)). Due to the
assumption (B.4(), p has a bell shape: it is equal to 0 up to m? = (mx + mq)2 ~ m2,
increases up to a maximum and then tends to 0 as m2—oo to satisfy the normalization

j
condition. Using eq. (B.41]) in (B.3§), we obtain

l-zp ~2 m2

Fr(zp, Qz,m?\;) = ZF:,QO) (5, Q2) +(1- Z)/ ” dm?p(m?)F%o) <§ <1 + Q—;) , Q2> .
(3.42)

Setting Z = 1 is equivalent to calculating the standard handbag diagram without the jet
function, and one recovers the TMC formula.

The first term in eq. (B.43) shows that the introduction of the jet function in the hand-
bag diagram goes some way toward softening the problem with the unphysically positive
Fr at xp = 1, but does not solve it. The reason is that we cannot kinematically neglect the
effect of the color neutralizing soft interactions when we compute the hadbag diagram close
to zp = 1, where the rapidity difference between the current and target jets is becoming
smaller and smaller. A full solution to this problem is the inclusion of a “soft function”, in
addition to the target and jet functions, which describes the soft exchanges in the context
of fully unintegrated correlation functions [[[§. The soft function has essentially the effect
of smearing the jet function, avoiding the singular behavior displayed by the d-function.
For a phenomenological inclusion of the soft function in collinear factorization, we can
substitute Jo with a continuous function .J,, such that

T (m3) ——0, (3.43)
m; —0
because of phase space, and
Jm(mi) I Jg(m?) . (3.44)

It can be physically interpreted as the (smeared) jet mass distribution, analogously to Ja,
and we will call it smeared jet spectral function. The structure function is then computed
as in the Ansatz discussed at the beginning of the section:

l-zp Q2

2
Fren @%mi) = [ 7 dmiJm<m§>F}°)(£<1+%>,@2). (3.45)

We note that the jet spectral function Jo is defined as a quark correlation function in
vacuum, therefore it is process-independent. On the other hand, the smeared jet function
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Jm is process-dependent because it effectively includes the soft momentum exchange with
the target. As a result, it’s shape at m? < m2 might depend on 25 and Q%. However, the
average jet mass squared, (mj2>m = I5° dm? mj2 Im (m?) should exhibit a small sensitivity
on x5 and Q? because we may expect <m§> > m2, see section B.J. Eq. (B.45) is a reasonable
approximation to the full handbag diagram computation in the region of (zp,@?) phase
space where the integration over dm? in eq. (B.3§) extends well beyond the peak of the
continuum p(m?), namely if

1-— B
Tap Q2 <m?>p’ (3.46)
where
(m?), = / 2 dm3 m3 Jy(m5) . (3.47)

T

In these conditions, the structure function (B.45) is not much sensitive to the behavior of
the jet function at small m?, where J,;, may substantially differ from J.

For practical applications of JMC to global QCD fits of the PDFs, it is necessary to
develop a flexible enough and realistic parametrization of the smeared jet spectral function
Jm. For this purpose, one may try to use a Monte Carlo simulation of DIS events in
order to generate enough data and test possible parametrizations. One may also study
the invariant jet mass distribution in e™ + e~ — jets events, where the same jet function J
discussed in this section appears in the LO cross-section. However, these studies lie outside
the scope of this paper, and we leave them for the future.

3.3 Numerical estimates

In order to obtain an estimate for the magnitude of JMC and of the present theoretical
uncertainty, we employ a toy model for the jet spectral function. Let’s consider a bell-
shaped smooth function such as the log-normal distribution

1 [_ (log z — u)?}

202

flasp,0) = (3.48)

where

(3.49)

and T and o, are the average value of z and its standard deviation. Then, we can

parametrize the continuum part p of the toy jet mass distribution in eq. (B.3§) in terms of

the average jet mass <m§> p and its standard deviation T2

p(m?) = f(mF —m2;p,0), (3.50)
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Figure 8: Effect of jet mass corrections on Fp, computed with a toy jet spectral function as
described in the text. Plotted is the ratio of Fr with both TMC and JMC to Fr with only TMC
included, as a function of xp for Q2 = 2 and 25 GeV?. The shaded band corresponds to a log-
normal jet mass distribution with (m?) = 0.2 — 0.4 GeV* and T2 = (m?) —2(m3). The dashed

and dot-dashed lines corresponds to delta functions at m? =m2 and m? = m3,, respectively.

with

<m?>p - mgr

5 (3.51)

Om

[N

<

in units of GeV2. From the typical particle multiplicity of the current jet at the JLab
energy, we estimate (m?) = 0.2 — 0.4GeV?, and assume T2 = C’(m?),) with C' =1 - 2.

In figure [, we plot the JMC to the transverse structure function as obtained in
eq. (B:39) by neglecting soft momentum exchanges. The dashed line corresponds to Z =1,
and is equivalent to computing only TMC. The solid line corresponds to JMC coming only
from the continuum part p of the jet spectral function, i.e., Z = 0. For comparison, the
massless structure function is plotted as a dotted line. The true jet mass corrected Fr
should lie somewhere in between because 0 < Z < 1, in general. With the smearing due
to soft interactions, see eq. (B.49), the true Fr will tend to 0 as xp—1.

The sensitivity of JMC to the <m§> , value can be gauged from figure f§, where we
plotted the ratio of the Z = 1 TMC-only structure function to the Z = 0 jet mass corrected
structure function. For comparison, we also use p(m?) =9 (m? —m2) and p(m?) =9 (m? -
m%), considered as extreme cases of JMC. In the absence of a better knowledge of the value
of Z and (m§>, the overall theoretical uncertainty on JMC can be quite large, especially at
low Q% = 2GeV?, and is still non-negligible at Q% = 25 GeV2. At moderate zg < 0.6 it is
of the same order of magnitude of the TMC corrections to the massless Fr.

Finally, we want to estimate in which region of xp and Q? the kinematic approxi-

mations involved in step 3 and 4 of the factorization procedure are expected to be valid.
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Figure 9: Range of validity of kinematic approximations used in deriving TMC and JMC. The
solid line corresponds to eq. ) with <m§> = 0.3 GeV?; the dashed line corresponds to eq. )
and (B.54), with k2. . = 0.04 GeVZ.

T'min

As we discussed after eq. (B25), replacing ja(1) with j»(I) makes sense only if the integral
over dm? is dominated by mj2 ~ m?|max, where the spectral function Js has a maximum,

hence minimal slope. Looking at the integration limits in eq. (B.45), and noticing that for
a probability distribution with the properties of the jet spectral function it is typically true

that m?lmax < (m?) < (mj2> p» Where (mj2> = 7 dm? m? Jm(mg), we obtain the following
condition:
1—2z
——BQ* 2 (m?), . (3.52)
B

Note that it coincides with the condition (B.46) that insures we can indeed approximate
Jo =~ J,, for the computation of inclusive DIS cross section. It also guarantees some
rapidity separation between the current and target jets, which is needed to justify the
handbag diagram in the first place. The approximation of step 4 consisted in neglecting
the integration limits on dk~ and d?kr. For the transverse momentum, we need at least
to make sure that the average (k2) is well below the upper limit derived in eq. (B-31):

o 2
(k2) < 14—5%2 <1 + 5%) . (3.53)

The difficulty is that we cannot estimate (k%) within collinear factorization. To do this, we
would need to resort to unintegrated PDF [B4, Bg], which are still integrated over dk~, or
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to the more recently proposed fully unintegrated PDF [[f]]. For a rough estimate, we may
use the uncertainty principle and set the minimum transverse momentum k%min =1/ r]2v ~
0.04 GeV?, where 7’]2\, is the nucleon radius. pQCD evolution will then broaden it roughly
according to

<k%> = k%min[l + Clog(Q2/k%min)] ’ (354)

with C' a constant of order 1. The borders of the confidence region for the discussed TMC
and JMC are plotted in figure ] using the above estimate for (k%), and (m?} =0.3GeV?2.

4. Summary and conclusions

In the first part of this paper, we computed the target mass corrections to unpolarized DIS
structure functions in the context of collinear factorization. Because of the non-perturbative
nature of target mass, we emphasized that for any factorizable hadronic observable, the
TMC can only appear explicitly in kinematic variables and implicitly in definitions of
non-perturbative hadron matrix elements. The momentum space approach allowed us to
avoid the ambiguities related to the moments inversion which affect the OPE treatment
of Georgi and Politzer. In particular, we could respect 4-momentum and baryon number
conservation, and obtain TMC corrected structure functions without unphysical contribu-
tions at xp > 1. When performing global QCD fits of the PDFs in the context of pQCD
collinear factorization, the procedure presented in this paper might be the most consistent
way to treat TMC, because it expresses the long distance physics of structure functions,
and the leading target mass correction, in terms of PDFs that share the same partonic
operators with the PDF's of zero hadron mass. Hence it allows to unambiguously separate
the kinematic effects of the target’s mass from its dynamical contribution to parton matrix
elements and the PDFs.

Our formalism for TMC in eq. (R.1§) is valid at leading twist and any order in «. Cal-
culating TMC for the power-suppressed higher-twist contributions to the structure func-
tions is a non-trivial [[3] but important issue for measuring the size of parton correlations
in the nucleon wave-function, which we leave to a future effort. The leading-twist formal-
ism can be easily extended to polarized DIS structure functions [B7], for which a correct
evaluation of TMC is even more important than in the unpolarized case because the bulk
of available data is in fact in the large-zp domain. The extension to semi-inclusive DIS
and to hadronic collisions is also very important, in order to fully include TMC in global
PDF fits. An example is the Drell-Yan cross-section at large Feynman xp, which has the
potential to further constrain large-z PDFs [BY]. It is also straightforward to extend the
TMC analysis to DIS on nuclear targets, in order to include the effects of nucleon binding
and Fermi motion [BY|. This is especially important for studying the large-z neutron PDF's
and the d/u ratio, which are extracted from data taken with a Deuterium target.

In the second part of the paper, we examined the impact of a final-state jet function
on the extraction of PDFs at large x5. We proposed to write the leading order hadronic
tensor, hence the lowest order contribution to DIS cross section, in terms of the spectral
representation Jy of the jet function, which has the physical meaning of invariant jet mass
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distribution. We evaluated the impact of JMC on the leading order DIS structure functions,
and found it to be potentially large even at not so small values of photon virtuality such
as Q2 = 25GeV?2. In the NLO cross-section, the impact of JMC is likely to be reduced,
because a non-zero jet invariant mass can be produced in the hard scattering beyond tree
level, but is still potentially large. We also evaluated the range of validity in zp and Q2 of
the approximations we made.

For practical applications to global fits of PDFs, it is important to investigate the
shape and properties of the smeared jet spectral function .J,,,, which effectively includes
the neglected soft momentum exchanges in the final state. This can be phenomenologically
done using a Monte-Carlo simulation and then trying several parametrizations of J,,. In
a more fundamental approach, we noticed that the jet spectral function .J5 is related to
the non-perturbative quark propagator, which can be computed in lattice QCD or using
Schwinger-Dyson equations. To avoid the difficulties connected to the analytic continuation
to Minkowski space, one may try and rotate the whole handbag diagram to Euclidean space,
or use a Hamiltonian-based formulation of lattice QCD.

In conclusion, the obtained results on TMC and JMC will be very important when
using large-zp and low-Q? data on DIS structure function (like those obtained at Jefferson
Lab) to extract reliable PDFs at large-z, and to disentangle kinematic effects from the
dynamically interesting higher-twist parton correlations. The discussed extensions of our
formalism to other processes will allow a full inclusion of TMC and JMC in global QCD
fits of parton distribution functions.
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A. Kinematic constraints at finite Q?

Let us consider the handbag diagram for a DIS process on a nucleon target, as depicted in
the right hand side of figure [|. We repeat the kinematic analysis of the handbag diagram
performed in section [, but for the general case of an off-shell bound parton of momentum
k,and k? < m%. The limit of on-shell quarks of mass m%, relevant to collinear factorization,
can be obtained setting k2 = m?c and xy = 2y in the formulae below.

We consider the scattering of a generic vector boson (v, W+, Z) on a parton of flavor
f of mass m;. The lowest order couplings are displayed in figure f[0. The masses of the
quarks (other than f) coupled to the vector boson are m; and mg. The current jet mass
must satisfy

m? > Sth (A'l)
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Figure 10: Lowest order couplings of a generic vector boson (v, W*,Z) to a parton of flavor f
and mass my. The masses of the produced quarks are m; and my. Left: boson-quark scattering
(mg = 0). Right: boson-gluon fusion.

where
s = (my +mo)? . (A.2)

As discussed in section [, the net baryon number is likely to flow through the bottom
of the handbag diagram for the leading DIS contribution that is given by the collinear
factorization formalism. Therefore,

sth < m? <s—m3 . (A.3)
Using m? =(qg+k)*=k*+ (1/zy — 1)Q? we obtain

1—2pk2/Q2 = = 14 (su — #2)/Q%

(A4)

Using m? =(Q*+ %kz)(% — 1), eq. (A.4) can alternatively be expressed as limits over the
fractional momentum z = k* /p*:

xmin <z< pmax (A5)
where
min __ Q2 + Sth — k2 + A[k27 _Q27 Sth]
T =¢ o
pmax §Q2 +s— m?\f — k2 + A[k27 _Qza s — m?\f]
= >
Ala,b,c] = \/a? + b2+ c2 —2(ab+ bc + ca) . (A.6)
We finally note that
13 1
LTf = """ ¢ 12 * A7
I 1— :%2572 (A7)

— 925 —



B. Invariant and helicity structure functions

B.1 Helicity structure functions
We work in a collinear frame and for generality we keep the quark mass different from zero.
For collinear on-shell partons we have from eq. (R.3)

2
m
Pt =ptat + ot Lt

DA
2
¢t = —Eptat + %?n“ (B.1)
2
- m
H — ot A
rp nt 4+ 2$p+n ,

where m; is the mass of the parton of flavor f. For later use, we define the shorthands

2 2

m m
p2B:1+4xQBQ—]2V p§=1+4x§Q—§, (B.2)
where, as in eq. (2.9),
2 2
—q —q
TR = Tr=— . B.3
2p-q T 9% q (B:3)

Following [RG], we define the longitudinal, transverse and scalar polarization vectors
with respect to the virtual photon momentum ¢ and a reference vector p,

) = —’P'+ - 9e =+ (P )"
o V-2l 0? =’ V-2 0)r*(p,q)
Ei(p, Q) = %(07 il? _i7 O)

q#
G0 = = (B4)

)

where
p*(p,q) =1—-p*¢*/(p-q)* . (B.5)

It is immediate to verify that p?(p,q) = p% and ,02(75, q) = p?c. The polarization vectors
satisfy the following conditions

E)\'E)\IZO fOI‘)\;ﬁX
ex-ex=1 for A =0,4+, — (B.6)
€q-€q=—1

and, in particular, ¢ - g = ¢ - e+ = 0. The helicity structure functions F) are defined as
projections of the hadronic tensor:

Fx(z5, Q%) = F{"(p,a)W,u (p, q) (B.7)
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with A = L, T, A, S,{0q}, [0g]. The longitudinal, transverse, axial, scalar, and mixed pro-
jectors P{" are

PrY(p.q) = e (p,a)eg” (P, 0)
Pr"(p,q) = € (p, @) (p, @) + 2 (p, ) (p, q)
P (p,q) = € (p, @) (p, @) — €2 (p, 9)e”" (p, q) B3)
P (p,q) = e (p, )y (p, q) ’
g (p,a) = e (p, 0)eg” (0, a) + €4 (P, 0)eg”™ (v, )
Pii(p.9) = e (p, a)ey" (0, @) — 4 (9, )€™ (p, @)
Using
e (p, ) (poq) — e (p, @)e”" (0. q) = %ﬁﬁ;qﬁ (B.9)

v (p, ) (p, @) + €2 (p, ) (p, @) = —g" + € (0, Q)e0™ (P, q) — €4 (P, Q)eg” (p, ), (B.10)

one easily sees that

FT(va Qz) = _Wﬁ(p7 q) + FL(va Qz) - Fq($B7 Q2)
—ieM*Ppaqs
Fa(rp, Q%) = —————=Wu(p,q) - (B.11)

9 (p . q)pB v 9

Even if not apparent from eq. (B.4), a consequence of the normalization conditions is
that the reference vector has the only function to define the ¢t — z and transverse planes
in conjunction with ¢*: as long as it lays in the t — z plane, a different reference vector

&

defines the same polarization vectors [2(]. For example, e\(p,q) = &} (Zz, q). As we will
see, choosing k instead of p is convenient when defining the parton level helicity structure
functions, which read

hales, @) = B (k, q) My (k. q) (B.12)
and satisfy identities analogous to eq. (B.11)), with p—k.

B.2 Invariant structure functions

For a generic lepton-hadron scattering, we define the hadronic F; and partonic h; invariant
structure functions with ¢ = 1,...,6 by the following tensor decomposition of the hadronic
tensor:

v _ uv quV 2

W (p,q)=| —g o Fi(zp,Q7%) (B.13)

pa\( ., .p-q\F(zp Q%
+<p“—q”—2><p —q 2> :

q q P-q

F3(z,Q%)  q"¢”

B T2

P-q q

+q'p” p'q” —qt'p”
- 7F5(¢B7 Q2) + 7F6(xB7 Q2)
2p-q 2p-q

Fy(zp, Q%
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and

E“q” + q“%“

2E-q

(B.14)

- E-a\ ho(Zr. O2
(ku_quk 2q> Q(fﬂQ )
q k-q

a“q”, -

k-q q

h5(§f7 Q2) +

kg — gk

- he(Zf, Q?) .
g 6(Zf, Q%)

These 2 definitions differ from the notation of ref. [P in the chosen denominators. Our

definitions have the advantage of displaying a duality between the hadron and parton level,
which can be obtained from each other by exchanging p < k, and lead to a lesser degree
of mixing between the hadron and parton structure functions under collinear factorization,

see eq. (B.28). By applying the projectors (B.§) to eqs. (B.13)-(B.14), it is straightforward

to show that

2
Fr=—-FN+ —BF2

02
hy = —hi+ 22~
2xf

2rp
Fr=2F hr = 2hy
Fa = ppl3 ha = pshs
Fg=F, — Fy hg = hg — hs
Fogy = —pBIEs hiogy = —pshs
Flog = —pBLs hiog = —pshe , (B.15)

where we understood the dependence of Fjy on (zg,Q?) and of h;y on (Zf,Q?) for ease of
notation. Note that Fy, differs by a factor of 2x 5 with respect to other common conventions.
In our notation, the ratio R of transverse and longitudinal electron-nucleon cross sections

reads
or FrL

= . B.16
) (B.16)

B.3 Collinear factorization for structure functions

As discussed in section [ and appendix [, the collinear factorization theorem states that

v dx ~max _ ~ ~min V(T
W (p,q) = E /?9(%0 —xf)e(ﬂff—ﬂff )H? (k,q) (Pf/N(x7Q2) (B.17)
!
where

- & 1
Tp= = — (B.18)

~mi rB
min __ B.1

~max 1
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The corresponding limits of integration on dz, namely ™" and ™2, can be read off

eq. (A.G) setting k? = m? As discussed in appendix B.1, P{" (p,q) = Pfu(%, q), hence the
factorization theorem for helicity structure functions reads

Filen. @) = 3 [ @00 et @) (B.21)

~max

dx
- Z/mm el hf($f,Q2)90f/N<§ @ > (B.22)

where
27 f

: (B.23)
1+ /1+433m3/Q?

§r =

The last line of eq. (B.23) is particularly interesting, because the Nachtmann variable &
only appears in the argument of ¢, without touching the integration limits. In shorthand
notation, where we highlight the dependence on zg and £ and suppress that on m?\, and
Q?, and understand the sum over f, the helicity structure functions read

F(zp) = h{® ¢z/n(€) - (B.24)

For the invariant structure functions, kinematic prefactors often appear:

Fi(zp) =h] eof/N@

BPf
fPB

p
F356(xp) = p_;h3’5’6 ® /N ()

Fy(zp) = hy ® /N (€)

(B.25)

Fy(zp) = hj} ® er/n(€)+ <g—£ - 1) h ® or/n(&) -

The “massless structure functions” can be obtained by setting m?\, =0, hence, £ = xp

in egs. (B.24)-(B.23):
F)(\(,)i)(xB) = Fyi(2B)|m2 —0 - (B.26)

In this definition we left the quark mass my arbitrary.

The “naive” target mass corrected structure functions F™ are obtained by using x < 1
as an upper limit of integration over dz in eq. (B-29). This limit is a general and process-
independent consequence of the definition of a parton distribution in the field theoretic
parton model [7], but in DIS it is weaker than x < z™#*, which is induced by 4-momentum
and baryon number conservation as discussed in section fJ. In detail, the naive helicity
structure functions read

CURDY [ @ @ eyt @) (.27)
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Using the definition of massless structure functions, one finds
0
Fi(xp) = F{3(6)

¥ (ep) = p—2—F§°><§>
1 (B.28)
Fys(ep >=p—F§(2,5<§>

Fp(ep) = EO€) + L PP RO e
PB

These formulae have already appeared in [26, P§, P4], modulo the change of notation
discussed in appendix B.3. As already noted in the main text, they are non-zero in the
unphysical region xp > 1.

B.4 Structure functions with Jet Mass Corrections

At LO, the helicity structure functions with jet mass corrections read

l—zp ~92

T ami(m?) FO (61 +m2/Q%), Q%) . (B.29)

F)\(:I:B7 Q27m?\f) =
0

The JMC to invariant structure functions can be obtained from eqs. (B.29) and (B.17).
Suppressing the Q2 and m?\, dependence of the structure functions for ease of notation, we

obtain:

FMO(ap) = 01’”2’3 am3 () FO (€01 + Q)

FMC(ep) = Olz? Zmyz(mg)éwj—n%w(g(l+m3/Q2>>

RSen) = [ ) P14 %)

M) = | o >{Fi°> (€0 +m3 /%) + —LEFO (¢ +m§/@2>>} .

(B.30)

C. Target mass corrections in the OPE formalism

We collect here for completeness the target mass corrections to the electromagnetic struc-
ture functions obtained in the operator product expansion formalism of De Rujula, Georgi
and Politzer [[L7, [Lg], see also LT for a thorough review and discussion:

FO(¢,@?
FoP(an, @) = 22 [ (5 )4 gff%(@,@?)}
2 ’F(O) 5,@2 2
FyP(xp,Q°%) = % _ 2 (52 ) +67g]¥55A2(9637Q2)}
[F(,Q%) 2
FEP (op. Q%) = 22| Tt +2"5§55A2<x3,@2>} (1)
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where

m3zp (0, Q?)
Pon W= =57 (C.2)

1
Ay (2B, Q%) :/ dv[1+2
3
and Fi(o) are the perturbative structure functions computed in the massless target approx-
imation m%,/Q%—0. Formulae for the F§* structure functions can be found in ref. [id].
Note that in the notation of appendix [B, differently from ref. [I5], the longitudinal
structure function is defined such that

FL($B) = %Fg(l‘B) — Fl(iL‘B) s (C3)

and

R(zp) = - . (C.4)

This notation is explained in detail in the appendices of ref. 2d]. Combining eqs. (C.3)
and ([C.4) we obtain

Fi(ep) ph  Fa(zp)

" 2z 1+ R(zp) (G-5)

in agreement with ref. [I7].
Equations ([C.J) have been used to compute the OPE target mass corrections in fig-
ures fJ and . Note that both F LGP and FlGP receive a correction from an integral of

F2(0) > FI(OL) This explains the large size of the target mass corrections for the OPE curves

of figure [
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